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We give formulae for determining the number of ways of writing a finite set as the union of a 
given number of subsets, in such a way that none of the subsets may be omitted. In particular, 
we consider the case in which the elements of the set are identical. 
1. Introduction 
Let X be a set with n elements (an n-set) and let k be a positive integer. A 
k-cover of X is a collection of k not necessarily distinct subsets of X whose union 
is X. A k-cover of X is minimal if none of its proper subsets covers X. We wish to 
enumerate the k-covers and the minimal k-covers of an n-set. There are 
essentially four cases to consider. The elements of X may be taken to be identical 
or distinguishable. We shall describe X as unlubelled or fubelled respectively. The 
order of the sets Y,, . . . , Yk comprising the k-cover of X may or may not be 
material, and we shall describe the cover as ordered or disordered respectively. 
Hearne and Wagner [l] enumerate the minimal disordered covers of a labelled 
set. For completeness we include a derivation of their formula in Section 2. 
We note that their formula has been generalized in a different direction by 
Wagner [2]. 
Throughout the following, X denotes a labelled n-set and Yr, . . . , Yk a cover of 
X. 9 denotes the set of all ordered k-covers of X. We adopt a systematic notation 
for the number of covers of a particular kind. Thus Tol(n, k) denotes the 
cardinality of 9, i.e. the number of ordered k-covers of a labelled n-set, while 
Mol(n, k) denotes the number of minimal such covers. The symmetric group S,, 
acts naturally on 9, and Tou(n, k) denotes the number of orbits under this 
action, i.e. the number of ordered k-covers of an unlabelled n-set. The symmetric 
group S, acts naturally on F-, and Tdl(n, k) denotes the number of orbits under 
this action, i.e. the number of disordered k-covers of a labelled n-set. Finally, the 
group S, x S, acts naturally on 9, and Tdu(n, k) denotes the number of orbits 
under this action, i.e. the number of disordered k-covers of an unlabelled n-set. 
We will discuss this action more fully in Section 3. The functions Mou, Mdu and 
Mdl are defined in a similar way to Mol. 
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2. Labelled or ordered covers 
The following well known results are inserted here for completeness, 
Theorem 1. For all natural numbers n and k. 
(i) Tol(n, k) = (2k - 1)“. 
(ii) Mol(n, k) = 5 (-I)i( :)(2* - i - 1)“. 
i=o 
(iii) Tou(n, k) = ( 2k ‘,” - “) _ 
(iv) Tdl(n, k) = ,$ (- I)=-j( 1) ( 2’ ‘L - ‘) . 
(v) Mdl(n, k) = Mol(n, k)/k!. 
Proof. (i) Since each element of X may be placed in the subsets Y,, . . . , Y, in 
2k - 1 ways, the result follows. 
(ii) Let a cover in 9 have property i if the set Y is redundant. Then the 
number of covers in 9 with properties 1,2, . . . , i is clearly (2k - i - 1)“. The 
result now follows from the inclusion-exclusion principle. 
(iii) Each element of X may be placed in the subsets YI, . . . , Yk in 2k - 1 
ways. Hence Tou(n, k) is the number of ways of placing n identical objects into 
2k - 1 labelled boxes, which gives the result. 
(iv) Let Y be the set of all selections of k subsets of the set (1, 2, . . . , n}. The 
cardinality of 9’ is the number of ways of placing k identical objects in 2” labelled 
boxes, which is ( 2” ‘i - ’ ). Now let an element of Y have property i if the element 
i lies in none of the selected subsets. Then Tdl(n, k) is the number of elements of 
Y which have none of the properties 1, 2, . . . , n. The required result now follows 
by applying the inclusion-exclusion principle. 
(v) This follows immediately from the observation that all of the sets in a 
minimal cover are unequal. 0 
We note that formula (v) is given in [ 1, page 2501. 
3. Covers of an unlabelled set 
Lemma 1. For all n 2 k, 
(i) Mou(n, k) = Tou(n - k, k) 
(ii) Mdu(n, k) = Tdu(n - k, k). 
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Proof. Let Yr, . . . , Yk be a minimal k-cover of X. We define an element y of Y 
to be loyal to yi if y does not lie in y for any j #i. Clearly, each set of a minimal 
cover must contain at least one loyal element. Now delete from each set Y one of 
its loyal elements. We obtain a k-cover of an (n - k)-set. Conversely, if to each 
of the sets of any k-cover of an (n - k)-set we adjoin a new element, adjoining k 
new elements in all, we obtain a minimal k-cover of an n-set. This proves the 
result. 
We observe that the above result does not hold for covers of labelled sets. 
Using these results, we can calculate each of the functions Tol, Mol, Tdl, Mdl, 
Tou and Mou for all values of their arguments. 
We shall now obtain expressions for Tdu and Mdu. These expressions involve 
a double summation over all partitions of 12 and k. This dependence on partitions 
is to be expected, as we are considering here partitions with “overlapping parts”. 
To illustrate this point, we show Mdu(5,3) in Fig. 1. 
For the rest of this section, we denote by S, the symmetric group on k letters 
and by .9$ the set of all partitions A = (A,, . . . , Ak) of k. To be more precise, 
.9$ = {(A,, . . . , A,) 1 A1 a - - .a Izk 2 0, A1 + - - - + Ak = k}. 
The length l(A) of a partition A is the number of non zero parts in A. The 
spectrum of A is the vector p = (pr, . . , pk) such that A has pi parts of size i. The 
number of permutations of k with cycle type A is denoted by [t] and is given by 
the formula 
k [I k! = A p1! . . . pk! 295 . . . kPk ’ 
Let U(n, k) denote the number of ways in which k unordered sets may be 
Fig. 1. Mdu(S, 3) = 9. 
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chosen from an unlabelled n-set. Then clearly 
Tdu(n, k) = U(n, k) - U(n - 1, k). (1) 
We calculate U(n, k). 
Let X = (1, 2, . . . , n} and let 011 = {(Y,, . . . , Yk) 1 Yl, . . . , Yk E X}. The 
groups S, and S, have natural actions on X and on Ou respectively. Let 
G = S,, x Sk. Let o = a’o” E G, where o’ E S,, and or’ E S,. Define the action of G 
on Ou by 
(y,, . . . , ma = VI, * * . , Z/c), 
where 
Zi,” = (Y)a’ 
= {xo’ 1 x E yI>. 
Then U(n, k) is the number of orbits of % under G. 
Let o’ and o” have cycle types A’ = (hf) and A” = (A;‘) respectively. Consider 
cycles (1, 2, . . . , u) of u’ and (1,2, . . . , v) of o”, and consider for the moment 
the natural action of o = o’u” on the set {(a, b) 1 a = 1, . . . , u, b = 1, . . . , v}. If 
0 is the orbit of (1, l), 
(a, b) E 6 if and only if a = i(u), b = i(v) for some i 
ifandonlyifa=ru+i, b=su+iforsomei, r,s 
if and only if a - b = t-u - sv for some r, s 
if and only if d 1 a - b, where d = (u, v). 
Here (u, V) denotes as usual the g.c.d. of u and u. Returning to our proof, let u 
fix (Y,, . . . ) Y,) E ‘&. Then 
i E I$ if and only if iu’ E Yi-, 
for all i, j. We count the number x(u) of such elements of %. Let 
Y; = q n (1,. . . , u}. 
Then from the above remarks we see that 
(i) Y;, . . . , Y: are completely determined by Y;; 
(ii) if i E Yi then j E Y; for j = i (mod d). 
Hence we may construct Y = (Yi, . . . , Yi) as follows. 
(i) Choose a subset S = S(Y) of (1, . . . , d}. 
(ii) Let Y; = {i I 1 <i<u, i-j(modd) for some jES}. 
(iii) Let Y; = {i + 1 - 1 (mod U) I i E Y;}. 
Hence the number of ways of choosing Y is 2d = 2@‘9”‘. We therefore have 
and 
i.i 
(2) 
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U(Lk)=llk! c [;]lJ2 
Asq I 
= l/k! c ; 2’(“), 
AE9k [I 
as pe = pm = 1. 
Since it is obvious that U(1, k) = k + 1, we have the well known result that 
c 2’(O) = (k + l)!, 
OCS, 
where Z(a) denotes (by abuse of notation) the length of the permutation 
associated with o. 
Similarly, one obtains 
U(2, k) = & c 
* A.59 
[ ;] {21(A)+e(A) + 2”(*)}, 
where e(A) equals the number of even parts in A. 
Table 1. Tdu(n, k) for n C 7 and k G 8 
k 
n 1 2 3 4 5 6 7 8 
1 1 2 3 4 5 6 7 8 
2 1 4 9 17 28 43 62 86 
3 1 6 23 65 156 336 664 1229 
4 1 9 51 230 863 2864 8609 23883 
5 1 12 103 736 4571 25326 127415 588687 
6 1 16 196 2197 22952 223034 2004975 16642936 
7 1 20 348 6093 108182 1890123 31500926 490890304 
However, instead of using Eqs 1 and 2 to calculate Tdu(n, k), we may calculate 
it directly as follows. In the proof of 2, replace % by 3, the set of ordered 
k-covers of X. Then Tdu(n, k) is the number of orbits of y under G. Now in 
counting the number x(a) of elements (Y,, . . . , Y,) of 3 fixed by u E G, we must 
ensure that each element of X occurs in at least one of Y1, . . . , Yk. Using our 
previous notation, each element 1, . . . , u must occur in one of the subsets 
Y;, . . . , Y: for some cycle (1, . . . , v) of d’. Now if Yi #O, each of 1, . . . , u 
occurs in one of the subsets Yi, . . . , Y:. Hence, we need only ensure that Y; #0 
for some cycle (1, . . . , v) of a”. Hence S = S(Y;, . . . , Y:) must be non empty, 
and we get 
x(a) = v (( JJ 2’“9 - 1) 
We have proved the following result. 
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Theorem 2. 
Tdu(n, k) = --& . . *& [;][;!I v ((ly:“;1) - 1). 
rl”E?P k 
Note that it appears far from obvious that this last formula yields the same 
result as Eqs 1 and 2. It can be shown that the equality of these two formulae 
leads to the following proposition. 
Proposition. For any m-tuple of positive integers (aI, . . . , a,) and any positive 
integer n, 
2” [ ;] (I (@ 2’Azp”‘) - 1) = 2” [ ;]o - Pl(n)Dm) rI 5*4, 
i,i 
where pi(A) denotes the number of parts of A of size 1. 
Table 1 presents some values of Tdu(n, k) calculated using Theorem 2. 
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